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Recent realizations of quantum gas microscope offer the possibility of continuous monitoring of the
dynamics of a quantum many-body system at the single-particle level. By analyzing effective non-
Hermitian Hamiltonians of interacting bosons in an optical lattice and continuum, we demonstrate
that the backaction of quantum measurement shifts the quantum critical point and gives rise to
a unique critical phase beyond the terrain of the standard universality class. We perform mean-
field and strong-coupling-expansion analyses and show that non-Hermitian contributions shift the
superfluid–to-Mott-insulator transition point. Using a low-energy effective field theory, we discuss
critical behavior of the one-dimensional interacting Bose gas subject to the measurement backaction.
We derive an exact ground state of the effective non-Hermitian Hamiltonian and find a unique
critical behavior beyond the Tomonaga-Luttinger liquid universality class. We propose experimental
implementations of post-selections using quantum gas microscopes to simulate the non-Hermitian
dynamics and argue that our results can be investigated with current experimental techniques in
ultracold atoms.
PACS numbers: 67.85.-d, 05.30.Jp
I. INTRODUCTION
Quantum gas microscopy has revolutionalized our ap-
proach to quantum many-body physics. A large number
of atoms trapped in an optical lattice can now be probed
at the single-atom level with the diffraction-limited spa-
tial resolution [1–9]. One can perform single-shot mea-
surements of quantum many-body systems at an un-
precedented precision for studies of strongly correlated
systems [10–15]. While many-body dynamical phenom-
ena subject to measurement backaction have been ob-
served in ultracold atom experiments by using, for ex-
ample, a low-resolution imaging [16] or a cavity [17], re-
cent developments [18, 19] in quantum gas microscopy
have opened up the possibility of continuous monitoring
of the many-body dynamics at the single-particle level
[20]. Meanwhile, at such ultimate resolution, the mea-
surement backaction is expected to be significant. One
would naturally be led to the question of how the quan-
tum critical behavior is modified due to the backaction
of high-precision measurement.
Recently, unique dynamical aspects of many-body sys-
tems under the measurement backaction have been stud-
ied in various situations [21–27]. The measurement back-
action can be described as a sudden jump of a quantum
state when the signal is detected. In contrast, if the sys-
tem is continuously monitored and conditioned on a null-
measurement outcome, it obeys the dynamics described
by a non-Hermitian Hamiltonian [28–30]. For such con-
tinuously monitored systems, an exotic steady-state tran-
sition has been found in the spin chain model subject to
spontaneous decay [31], and, the atom-cavity system in
the quantum Zeno regime has been analyzed [32]. How-
ever, it remains to be understood how the conventional
notions of quantum phase transitions and universality
in quantum critical phenomena can be extended in the
presence of continuous monitoring. Statistical mechanics
would provide an answer, were it not for the measurement
backaction. The frontier of quantum gas microscopy thus
motivates us to elucidate its influence on the quantum
criticality beyond the standard framework of statistical
mechanics.
In this paper, we investigate unique roles played by
the measurement backaction in quantum critical systems
FIG. 1. (color online). Schematic illustration of continuous
observation of quantum critical phenomena in ultracold atoms
loaded in (a) an optical lattice or (b) a one-dimensional trap.
The measurement backaction (a) expands the Mott lobe and
shifts the quantum critical point, and (b) gives rise to a unique
critical behavior described by two critical exponents Kφ, Kθ
(solid curves) in sharp contrast with the standard universality
class described by the single Tomonaga-Luttinger liquid pa-
rameter (dashed curve). Here µ, J , U and ρ are the chemical
potential, the hopping amplitude, the strength of the on-site
interaction and the filling fraction, respectively.
2subject to continuous observation. We employ an ef-
fective non-Hermitian description and show that the in-
fluence of measurement backaction on eigenenergies and
eigenstates of a system lead to significant changes in the
quantum critical points and critical exponents (Fig. 1).
In particular, we derive the formula that characterizes the
measurement-induced shift of a quantum critical point of
the superfluid–to-Mott-insulator transition. We also in-
vestigate the influence of the measurement backaction on
the quantum critical phase in a one-dimensional system,
and analytically find new critical exponents that depend
on the strength of the measurement, indicating a unique
critical behavior beyond the terrain of the standard uni-
versality class. The formulation can straightforwardly be
generalized to other physical systems subject to various
types of external observations.
This paper is organized as follows. In Sec. II, we
introduce an effective non-Hermitian Hamiltonian as a
model to describe a quantum many-body system sub-
ject to measurement backaction of continuous monitor-
ing. In Sec. III, we consider ultracold atoms trapped
in an optical lattice and show that measurement back-
action shifts the superfluid–to-Mott-insulator transition
point. In Sec. IV, we consider critical behavior of a one-
dimensional interacting Bose gas subject to measurement
backaction and find that a unique critical behavior be-
yond the Tomonaga-Luttinger liquid class. In Sec. V, we
discuss experimental implementations of our models. In
Sec. VI, we conclude this paper.
II. EFFECTIVE NON-HERMITIAN
HAMILTONIANS
We consider a quantum many-body system whose
Hamiltonian Hˆ exhibits quantum critical behavior, and
assume that the system is subject to continuous backac-
tion of a general measurement characterized by a set of
measurement operators {Mˆi}. Since our primary aim is
to elucidate the influence of the measurement backaction
due to continuous observation, we consider the following
effective non-Hermitian Hamiltonian:
Hˆeff = Hˆ − iγ
2
∑
i
Mˆ †i Mˆi, (1)
where the last term describes the measurement backac-
tion with γ characterizing the strength of the measure-
ment. The non-Hermitian Hamiltonian (1) can be ob-
tained under a situation in which the system is contin-
uously monitored and a null measurement outcome is
post-selected [28–30]. We will discuss experimental con-
ditions to realize such post-selection by using quantum
gas microscopy in Sec. V. The non-Hermitian descrip-
tion has proved instrumental for a wide variety of open
quantum systems [31–46]. The effective Hamiltonian in
Eq. (1), in general, has complex eigenvalues whose real
part describes the energy and imaginary part gives the
rate at which the corresponding eigenstate decays out of
the Hilbert space of the system.
Let us first consider a situation in which the many-
body Hamiltonian commutes with all the measurement
operators, i.e., [Hˆ, Mˆi] = 0 for
∀i. In this case, the second
term in Eq. (1) makes a contribution to the imaginary
part of the eigenspectrum, leading to the decay of the
state, however, the real parts of the eigenenvalues and
the corresponding eigenstates remain unchanged. There-
fore, there are no qualitative changes in physical proper-
ties of the critical behavior. In contrast, if the original
Hamiltonian does not commute with some of the mea-
surement operators, i.e., ∃i such that [Hˆ, Mˆi] 6= 0, the
measurement backaction can influence (i) the real part
of the eigenvalues and (ii) the eigenstates of Eq. (1),
which respectively lead to (i) the shift of the quantum
critical point and (ii) a change in the critical exponent as
shown below.
In the present paper, we focus our attention on the
properties of an effective ground state, which is defined
as the eigenstate corresponding to the lowest real part of
the eigenspectrum. Such a state is found to be relevant in
the non-Hermitian dynamics since it also has the minimal
decay rate and thus survives longest in the time evolu-
tion in the systems considered in this paper. We also note
that our model is different from a dissipative model de-
scribed by a master equation, where one expects that the
dissipative process eventually destroys subtle correlations
underlying the quantum critical behavior, thereby lead-
ing to a high-temperature mixed steady state. Indeed,
recent works have suggested that such steady states ex-
hibit static properties similar to classical thermal equi-
librium systems [47–49] and infinite-temperature states
[50, 51]. In contrast, we show that continuous observa-
tion can sustain the quantum critical behavior and gives
rise to unique phenomena due to the measurement back-
action.
III. MEASUREMENT-INDUCED SHIFT OF
THE QUANTUM CRITICAL POINT
A. Mean-field analysis
We first consider ultracold atoms in an optical lattice.
The system is described by the Bose-Hubbard Hamilto-
nian [52]:
HˆBH = Hˆ0 + Vˆ , (2)
Hˆ0 =
U
2
∑
i
nˆi(nˆi − 1)− µ
∑
i
nˆi, (3)
Vˆ = −J
∑
〈i,j〉
(bˆ†i bˆj +H.c.). (4)
Here J and U are the hopping amplitude and the strength
of the on-site interaction, respectively, µ is the chemical
potential, bˆ†i and bˆi are the creation and annihiliation
3operators of a boson at site i, and nˆi ≡ bˆ†i bˆi. If J ≪
U , the ground state of the system remains to be in the
gapped Mott insulator phase. With increasing J/U , the
energy gap decreases and closes at a quantum critical
point (J/U)c, where the quantum phase transition to the
superfluid phase occurs [53]. The critical value (J/U)c
corresponds to the tip of the Mott lobe with an integer
filling ρ in the µ − J phase diagram as schematically
illustrated in Fig. 1a. For simplicity, we focus on the
case of ρ = 1 below.
Let us consider a general measurement process by in-
troducing an effective non-Hermitian Hamiltonian Hˆeff in
Eq. (1). An implementation of post-selection to simulate
the non-Hermitian dynamics depends on the underlying
dynamical process. For example, for a system subject
to inelastic two-body loss of atoms (Mˆi = bˆ
2
i ), the post-
selection of null quantum jump can be realized by using
quantum gas microscopy and selecting those realizations
in which the total number of particles in the initial state
and agrees with that in the final state (see Sec. V for
details). The fidelity of such a process can be very high
in view of recent developments [1–12, 18–20] in achiev-
ing the near-unit fidelity of quantum gas microscopy as
detailed in Sec. V.
Unless all the operators Mˆi commute with HˆBH, the
measurement backaction shifts the real parts of eigenen-
ergies. Such a measurement-induced shift can mani-
fest itself as a shift in the quantum critical point. To
show this, let us first perform a mean-field analysis [52].
Putting bˆi = β + δbˆi in the hopping term Vˆ and ne-
glecting the second-order terms in δbˆi, we obtain the
decoupled effective Hamiltonian HˆMFeff = Vˆ
MF + Hˆ0 −
(iγ/2)
∑
i Mˆ
†
i Mˆi, where Vˆ
MF ≡ −Jz∑i(β∗bˆi + βbˆ†i −|β|2). The effective ground-state energy Eβ,γ is given
by the real part of the eigenvalue of the ground state of
HˆMFeff , and it can be expanded as Eβ,γ = a0+a2(γ)|β|2+
a4(γ)|β|4+ · · · . The coefficient a2(γ) is determined from
the second-order perturbation in Vˆ MF for the Mott in-
sulator state, and the phase boundary (J/U)γ is deter-
mined from the condition a2(γ) = 0. The critical point
(J/U)c,γ corresponding to the tip of the Mott lobe can
be determined from ∂(J/U)γ/∂µ = 0 under the condi-
tion ∂2(J/U)γ/∂µ
2 < 0. The relative amount of the
measurement-induced shift of the quantum critical point
∆c,γ ≡ ((J/U)c,γ − (J/U)c,0)/(J/U)c,0 is then found to
be
∆c,γ =
2 +
√
2
2
(√
2c2M,0 + c
2
M,1
)( γ
U
)2
+
5
16
(4+3
√
2)
(
2c2M,0−c2M,1
)2 ( γ
U
)4
+O
(( γ
U
)6)
.
(5)
Here we introduce the coefficients cM,ρ ≡ (〈ρ +
1|Mˆ †Mˆ |ρ + 1〉 − 〈ρ|Mˆ †Mˆ |ρ〉)/2, where the site index i
is omitted (for example, cM,ρ = ρ for Mˆ = bˆ
2). Equation
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FIG. 2. (color online). Measurement-induced shift ∆c,γ of the
quantum critical point plotted against the strength γ/U of the
parity measurement (cM,ρ = ρ). The blue solid curve shows
the perturbative mean-field result in Eq. (5), and dots show
the numerical results obtained by the exact diagonalization
of the effective Hamiltonian (see the text).
(5) shows that, for a general measurement, the quantum
critical point shifts in favor of the Mott phase due to the
measurement backaction. Physically, this is due to the
suppression of the hopping by the continuous quantum
Zeno effect [54–59], although we here focus on the in-
fluence of a relatively small measurement strength. The
quantum phase transition discussed here is different from
the one in Ref. [31], where the steady-state transition
occurs at which the gap in the imaginary part of the
eigenenergies closes. We note that the ground state dis-
cussed here survives longest in the non-Hermitian dy-
namics, as demonstrated by the strong-coupling expan-
sion analysis below. Thus, our mean-field analysis can be
applied if a duration of the time evolution is long enough
so that the initial state relaxes to the effective ground
state.
While the mean-field analysis may not give an accu-
rate value of the transition point (J/U)c,γ [60], we expect
that the normalized relative shift ∆c,γ should capture the
right tendency of the measurement-induced shift. In par-
ticular, the perturbative formula (5) should be valid for
small γ/U , as numerically supported as shown in Fig. 2.
We here perform the exact diagonalization of the non-
Hermitian Hamiltonian with the infinite-range hopping
of amplitude J/N among N sites. The critical point is
determined by first identifying the point at which the en-
ergy gap above the effective ground state becomes mini-
mal and then by extrapolating the data to the thermody-
namic limit. The numerical results asymptotically agree
with Eq. (5) for small γ/U .
B. Strong-coupling-expansion analysis
Near integer values of µ/U in the µ − J diagram
(Fig. 1a), fluctuations in the atom density are enhanced,
so that we need to consider a statistical mixture of
Mott states with different fillings. To investigate these
regimes, we perform the strong-coupling-expansion anal-
4ysis [61, 62] that gives asymptotically exact results for
small J/U .
Let us consider a d-dimensional hypercubic lattice and
analyze the Mott lobes with integer filling ρ = 1, 2, . . ..
For the unperturbed effective Hamiltonian
Hˆ0 =
U
2
∑
i
nˆi(nˆi − 1)− µ
∑
i
nˆi − iγ
2
∑
i
Mˆ †i Mˆi, (6)
the ground state with the lowest real energy remains
to be the Mott state with ρ bosons on each site for
(ρ − 1)U < µ < ρU . The first excited states near the
upper phase boundary (µ ≃ ρU) constitute a family of
degenerate states in which only a single site is occupied
by (ρ + 1) particles and all the other sites are occupied
by ρ particles. In contrast, near the lower phase bound-
ary (µ ≃ (ρ − 1)U), the first excited states consist of
degenerate states in which only a single site is occupied
by (ρ−1) particles and all the other sites are occupied by
ρ particles. We apply a degenerate perturbation theory
[62] to the ground and first excited states up to second
order in the hopping term Vˆ = −J∑〈i,j〉 (aˆ†i aˆj +H.c.),
and calculate their complex eigenvalues. Here, we take
into account all possible processes in which a state in the
low-energy manifold is virtually excited to a high-energy
state, and then returns back to the manifold by the op-
erations of Vˆ ; see Figs. 3(a) and (b). The real parts
of the obtained eigenvalues are interpreted as the effec-
tive energies of the states. Then, the energy gaps, which
are defined as the differences in real energies between the
ground state and the first excited states, are calculated
to be
∆Upd,ρ =−2d(ρ+ 1)J+ρU−µ
− 2dρ(ρ+ 1)(2d− 3)J
2
U + (γ2/U)(cM,ρ−1 − cM,ρ)2
− dρ(ρ+ 2)J
2
U + (γ2/4U)(cM,ρ−1 − cM,ρ+1)2 , (7)
∆Lowd,ρ =−2dρJ−(ρ− 1)U+µ
− 2dρ(ρ+ 1)(2d− 3)J
2
U + (γ2/U)(cM,ρ−1 − cM,ρ)2
− d(ρ− 1)(ρ+ 1)J
2
U + (γ2/4U)(cM,ρ−1 − cM,ρ+1)2 , (8)
where ∆Up and ∆Low denote the energy gaps near the
upper and lower boundaries of the Mott lobe. The phase
boundary of the Mott phase can be identified as the point
at which the energy gap closes:
( µ
U
)Up
c,γ
− ρ = −2d(ρ+ 1) J
U
− αUpd,ρ,γ
(
J
U
)2
, (9)
( µ
U
)Low
c,γ
− (ρ− 1) = 2dρ J
U
+ αLowd,ρ,γ
(
J
U
)2
, (10)
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FIG. 3. Virtual processes relevant to the second-order strong-
coupling-expansion analysis of a one-dimensional ρ = 1 Mott
phase, contributing to the (a) diagonal and (b) off-diagonal
matrix elements. The filled circles indicate particles that oc-
cupy the lattice sites. The dashed circles indicate holes, from
where particles move out due to hopping processes. (c) Coeffi-
cients αUp,Lowd,ρ,γ for the upper (blue) and lower (red) boundaries
of the Mott lobe plotted against the measurement strength
γ/U for the case of the parity measurement (cM,ρ = ρ) with
d = 3 and ρ = 1.
where the coefficients αUp,Lowd,ρ,γ are given by
αUpd,ρ,γ =
2dρ(ρ+ 1)(2d− 3)
1 + (γ/U)2(cM,ρ−1 − cM,ρ)2
+
dρ(ρ+ 2)
1 + (γ/2U)2(cM,ρ−1 − cM,ρ+1)2 , (11)
αLowd,ρ,γ =
2dρ(ρ+ 1)(2d− 3)
1 + (γ/U)2(cM,ρ−1 − cM,ρ)2
+
d(ρ− 1)(ρ+ 1)
1 + (γ/2U)2(cM,ρ−1 − cM,ρ+1)2 . (12)
The presence of the backaction γ > 0 decreases these
coefficients α (see Fig. 3(c)), allowing an effective ex-
pansion of the Mott lobe as indicated in Eqs. (9) and
(10), and as schematically illustrated in Fig. 1(a). We
note that our results reproduce the known results [61] in
the limit of γ → 0.
Finally, we note that the ground state, i.e., the eigen-
state that has the lowest real part of the eigenvalue, has
the minimal decay rate (the longest lifetime) in the post-
selected dynamics. For the sake of concreteness, let us
assume ρ = 1, d = 3 and let Γe and Γg be the decay
rate of the first excited state and the ground state. We
note that the decay rate is equal to the modulus of the
imaginary part of the eigenvalue in our notation. Then,
the strong-coupling-expansion analysis gives
ΓUpe − ΓUpg =
36γJ2
U2 + γ2(cM,ρ−1 − cM,ρ)2
+
9γJ2
U2+(γ2/4)(cM,ρ−1 − cM,ρ+1)2>0,(13)
ΓLowe − ΓLowg =
36γJ2
U2 + γ2(cM,ρ−1 − cM,ρ)2 > 0, (14)
5which show that the decay occurs faster for the ex-
cited state than the ground state. Here ΓUp and ΓLow
denote the decay rate calculated near the upper and
lower boundaries of the Mott lobe, respectively. We
can straightforwardly generalize the calculations to the
higher excited states and show that the ground state
considered here indeed has the minimal decay rate or the
longest lifetime, among all the eigenstates of the effective
non-Hermitian Hamiltonian.
IV. INFLUENCE ON THE CRITICAL
BEHAVIOR
A. Model
Let us now discuss a physical consequence of the mea-
surement backaction on eigenstates in a quantum criti-
cal regime. To be specific, we consider a one-dimensional
(1D) interacting Bose gas (Fig. 1b) described by the Lieb-
Liniger Hamiltonian:
Hˆ =
∫
dx
[
−h¯2
2m
Ψˆ†(x)
∂2
∂x2
Ψˆ(x)
+
g
2
Ψˆ†(x)Ψˆ†(x)Ψˆ(x)Ψˆ(x)
]
, (15)
where Ψˆ(x) is the bosonic field operator and m is the
atomic mass. The repulsive interaction strength g > 0
is given by g = 2h¯ωar, where ω is the transverse con-
fining frequency, and ar is the elastic scattering length.
The low-energy critical behavior of this system is ef-
fectively described by the Tomonaga-Luttinger liquid
(TLL) Hamiltonian [63]: HˆTLL =
∫
dxh¯/(2pi)[vJ (∂xθˆ)
2+
vN (∂xφˆ)
2], where the bosonic fields θˆ and φˆ satisfy
[∂xφˆ(x), θˆ(x
′)] = ipiδ(x−x′), vJ is the phase stiffness, and
vN is the density stiffness. Here θˆ is related to the phase
of the bosonic field operator as Ψˆ†(x) =
√
ρˆ(x)e−iθˆ(x),
and φˆ is related to the density operator ρˆ(x) as ρˆ(x) ≃
[ρ0 + ∂xφˆ(x)/pi]
∑∞
p=−∞ e
2ip(piρ0x+φˆ(x)), where ρ0 is the
average density. In the TLL, various correlation func-
tions decay algebraically with exponents determined by
the single TLL parameter K =
√
vJ/vN . In the Lieb-
Liniger model, the Galilean invariance ensures the rela-
tion vJ = h¯piρ0/m [64], and vN taks the following asymp-
totic forms [65, 66]:
vN =
{
vJu
pi2
(
1−
√
u
2pi
)
for u≪ 1;
vJ
(
1− 8u +O
(
1
u2
))
for u≫ 1,
(16)
where u ≡ mg/(h¯2ρ0) is the normalized strength of the
interaction.
Let us discuss how the measurement backaction alters
the Hamiltonian of the system. For the sake of concrete-
ness, we consider a system subject to inelastic two-body
loss of atoms. In such a situation, the backaction gives a
non-Hermitian contribution to the interaction term, lead-
ing to the replacement g → g − iγ in Eq. (15), where
γ = 2h¯ωai characterizes the measurement strength de-
termined from the inelastic scattering length ai [59, 67].
Accordingly, as inferred from the analytic continuation
of Eq. (16), the measurement backaction renormalizes
the density stiffness vN to a complex value v˜N (γ)e
−iδγ ,
where v˜N and δγ are the real parameters that depend
on the measurement strength γ. We thus arrive at the
following effective non-Hermitian Hamiltonian:
Hˆeff =
h¯
2pi
∫ ∞
−∞
dx
[
vJ (∂xθˆ)
2 + v˜Ne
−iδγ (∂xφˆ)2
]
. (17)
To analyze the Hamiltonian (17), we first perform the
mode expansions and reduce the problem to that of com-
plex harmonic potentials [68, 69]. We then analytically
obtain the exact effective ground state |Ψg,γ〉 and show
that it has the lowest real part of the eigenenergy and
the longest lifetime among all the eigenstates. This indi-
cates that the effective ground state survives longest in
the post-selected dynamics. In the limit of γ → 0, |Ψg,γ〉
reduces to the ordinary ground state of the TLL model
[70]. Finally, we calculate the correlation functions of
|Ψg,γ〉 and show that a unique critical behavior emerges
as a consequence of the measurement backaction.
B. Ground-state wave function
We here obtain the ground state and the spectrum of
the effective non-Hermitian TLL Hamiltonian (17). We
assume 0 ≤ δγ < pi/2 so that there exists a metastable
ground state (see the discussion below). We perform the
mode expansions of the fields φˆ(x) and θˆ(x):
φˆ(x) =−
∑
k 6=0
i·sgn(k)
√
piK˜γ
2L|k|e
−α|k|/2−ikx(bˆ†k+ bˆ−k), (18)
θˆ(x) =
∑
k 6=0
i
√
pi
2K˜γL|k|
e−α|k|/2−ikx(bˆ†k − bˆ−k), (19)
where L is the system size, K˜γ is the renormalized TLL
parameter K˜γ ≡
√
vJ/v˜N , bˆk (bˆ
†
k) annihilates (creates)
a mode with momentum k = 2pim/L (m = ±1,±2, . . .),
α → +0 is a short-distance cutoff, and we ignore zero
modes which are irrelevant to the following discussion
about the ground state. The effective Hamiltonian (17)
is then rewritten as
Hˆeff =
h¯v˜
4
∑
k 6=0
|k| (bˆ†k bˆ−k)
(
e−iδγ + 1 e−iδγ − 1
e−iδγ − 1 e−iδγ + 1
)(
bˆk
bˆ†−k
)
= h¯v˜
∑
k>0
k
[
e−iδγ+1
2
(bˆ†k bˆk + bˆ
†
−kbˆ−k)
+
e−iδγ − 1
2
(bˆkbˆ−k + bˆ
†
k bˆ
†
−k)
]
, (20)
6where v˜ ≡ √vJ v˜N . In analogy with a quantized harmonic
oscillator, we introduce the position and momentum op-
erators xˆk and pˆk via
bˆk =
xˆk + ipˆk√
2
, (21)
bˆ†k =
xˆk − ipˆk√
2
, (22)
and use them to rewrite Eq. (20) as
Hˆeff = h¯v˜
∑
k>0
k
[
e−iδγ + 1
4
(xˆ2k + pˆ
2
k + xˆ
2
−k + pˆ
2
−k)
+
e−iδγ − 1
2
(xˆkxˆ−k − pˆkpˆ−k)
]
. (23)
We further introduce the center-of-mass and relative co-
ordinates and momenta of the modes with ±k, xˆk,± and
pˆk,± via
xˆk =
xˆk,+ + xˆk,−√
2
, xˆ−k =
xˆk,+ − xˆk,−√
2
, (24)
pˆk =
pˆk,+ + pˆk,−√
2
, pˆ−k =
pˆk,+ − pˆk,−√
2
, (25)
where k is a positive discrete momentum, i.e., k =
2pim/L with m = 1, 2, . . .. Substituting Eqs. (24) and
(25) into Eq. (23), we arrive at the following Hamilto-
nian:
Hˆeff = h¯v˜
∑
k>0
k
(
e−iδγ
2
xˆ2k,++
1
2
pˆ2k,+ +
1
2
xˆ2k,−+
e−iδγ
2
pˆ2k,−
)
.
(26)
The problem thus reduces to solving a set of non-
Hermitian harmonic oscillators [68, 69]. We choose the
basis in which the operators xˆk,+ and pˆk,− are diagonal-
ized so that the field φˆ(x) is also diagonalized as shown
below. The metastable ground state |Ψg,γ〉 with the low-
est eigenenergy can then be obtained as
〈{xk,+, pk,−}|Ψg,γ〉∝ exp
[
−e
−iδγ/2
2
∑
k>0
(x2k,+ + p
2
k,−)
]
,
(27)
which is a generalization of the ground-state wave func-
tion of a TLL [70] to a non-hermitian case. The eigen-
values can be obtained as
h¯v˜e−iδγ/2
∑
k>0
k(nk,+ + nk,− + 1), (28)
where nk,± are nonnegative integers labeling the eigen-
states of the modes (k,±). Since we assume 0 ≤
δγ < pi/2, the energies are bounded from below and the
ground-state wave function can be normalized. We note
that, while the wave function (27) remains normalizable
for pi/2 ≤ δγ < pi, it can be shown that the full spec-
trum including the zero-mode contributions is no longer
bounded from below in this regime. The negative imag-
inary part of eigenvalues found in Eq. (28) indicates a
finite lifetime of the eigenstate. We note that the ground
state (nk,± = 0) has the lowest energy and the minimal
imaginary part; thus, the ground state has the longest
lifetime among all the eigenstates. Thus, the ground
state discussed here has a clear dynamical meaning— it
survives the longest in the post-selected dynamics.
We note that if δγ ≥ pi, the energies are not bounded
from below and there are no eigenstates having discrete
eigenvalues because the wave function cannot be normal-
ized (see Eq. (27)). The system is therefore dynamically
unstable, and there is no metastable ground state for
δγ ≥ pi.
C. Correlation function of the φˆ field
We first consider the correlation function
〈e2iφˆ(x)e−2iφˆ(y)〉, where 〈· · · 〉 denotes the expecta-
tion value with respect to |Ψg,γ〉. By performing the
transformations described above, the mode expansion of
the field φˆ(x) can be rewritten as
φˆ(x) = i
∑
k>0
√
piK˜γ
2Lk
[
(xˆk,+ + ipˆk,−)eikx
−(xˆk,+ − ipˆk,−)e−ikx
]
. (29)
Let |{φk}〉 be a simultaneous eigenstate of φˆ(x) (0 ≤ x <
L) satisfying
φˆ(x)|{φk}〉 = φ(x)|{φk}〉, (30)
φ(x) =
√
pi
L
∑
k>0
(
φke
ikx + φ∗ke
−ikx) , (31)
where φk is related to the eigenvalues of the operators
xˆk,+ and pˆk,− via
i(xk,+ + ipk,−) =
√
2k
K˜γ
φk. (32)
The ground state in Eq. (27) can then be expressed as
〈{φk}|Ψg,γ〉 = 1√N exp
(
−e
−iδγ/2
K˜γ
∑
k>0
k|φk|2
)
,(33)
7where N is a normalization constant. The correlation
function can be expressed as
〈e2iφˆ(x)e−2iφˆ(y)〉 = 1N
∫
DφDφ∗ ×
exp
{∑
k>0
[
−2k cos(δγ/2)
K˜γ
|φk|2 + 2i
√
pi
L
φk(e
ikx − eiky)
+2i
√
pi
L
φ∗k(e
−ikx − e−iky)
]}
. (34)
After performing the Gaussian integrations, we obtain
〈e2iφˆ(x)e−2iφˆ(y)〉=exp
[
− K˜γ
cos(δγ/2)
∑
k>0
k1
k
(2−eikr−e−ikr)
]
,
(35)
where we define k1 ≡ 2pi/L and r ≡ x−y. Here, the sum
over k > 0 can be taken with a regularization trick:
∑
k>0
k1e
−αk
k
(2−eikr−e−ikr)→−2ln
(
αk1
2 sin(k1r/2)
)
,(36)
where we take the limit of αk1 ≪ 1. We thus obtain the
critical behavior of the correlation function as
〈e2iφˆ(x)e−2iφˆ(y)〉 =
(
α
(L/pi) sin (pir/L)
) 2K˜γ
cos(δγ/2)
→
(α
r
)2Kφ
, (37)
where we take the limit of L ≫ r and introduce the
critical exponent Kφ by
Kφ(γ) =
K˜γ
cos
(
δγ
2
) . (38)
D. Correlation function of the θˆ field
Let us next consider the correlation function
〈eiθˆ(x)e−iθˆ(y)〉. Since the operator θˆ can be expanded
as
θˆ(x) = −i
∑
k>0
√
pi
2K˜γLk
[
ipˆk,+(e
ikx + e−ikx)
+xˆk,−(eikx − e−ikx)
]
, (39)
it acts on an eigenstate of the operators xˆk,+ and pˆk,−
as
eiθˆ(x)|{xk,+, pk,−}〉 =∣∣∣∣∣
{
xk,+ − i
√
pi
2K˜γLk
(eikx + e−ikx),
pk,− +
√
pi
2K˜γLk
(eikx − e−ikx)
}〉
.(40)
Using Eq. (32), we can rewrite this as
eiθˆ(x)|{φk}〉 =
∣∣∣∣
{
φk − i
k
√
pi
L
e−ikx
}〉
. (41)
Using this result, we can express the correlation function
as
〈ei ˆθ(x)e−iθˆ(y)〉 = 1N
∫
DφDφ∗ ×
exp
[
− 1
K˜γ
∑
k>0
k
(
eiδγ
∣∣∣φk − i
k
√
pi
L
e−ikx
∣∣∣2
+e−iδγ
∣∣∣φk − i
k
√
pi
L
e−iky
∣∣∣2
)]
.(42)
After performing the Gaussian integrations, we obtain
〈ei ˆθ(x)e−iθˆ(y)〉
= exp
[
− pi
2K˜γL cos(δγ/2)
∑
k>0
1
k
(2−eikr−e−ikr)
]
(43)
=
(
α
(L/pi) sin (pir/L)
) 1
2K˜γ cos(δγ/2) →
(α
r
)1/(2Kθ)
, (44)
where we take the limit of L ≫ r and define the critical
exponent Kθ by
Kθ(γ) = K˜γ cos
(
δγ
2
)
. (45)
E. Shifts in critical exponents due to measurement
backaction
Let us discuss the critical properties of the effective
ground state |Ψg,γ〉. Physically, the effective TLL pa-
rameters Kθ,φ introduced by Eqs. (45) and (38) describe
the critical behavior of the one-particle correlation and
the density correlation, respectively:
〈Ψˆ†(r)Ψˆ(0)〉 ∝
(
1
r
)1/(2Kθ)
, (46)
〈ρˆ(r)ρˆ(0)〉−ρ20= −
Kφ
2pi2r2
+const.× cos(2piρ0r)
r2Kφ
. (47)
The two characteristic parameters Kθ and Kφ mark a
unique critical behavior beyond the realm of the standard
TLL universality class— in the latter, the single TLL
parameter K governs the critical properties. We note
that Kθ can be measured by interfering Bose gases [71,
72], while Kφ can be found by analyzing in-situ density
fluctuations [73].
Figure 4 shows the shifts of the critical exponents Kφ,θ
as functions of the normalized measurement strength
γ/g = ai/ar. Here we consider both cases of weak and
strong interactions and perform the analytic continuation
of the corresponding asymptotic expressions (16) through
the replacement g → g − iγ to relate the measurement
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FIG. 4. (color online). Measurement-induced shifts of the
critical exponents. The effective TLL parameters Kφ (red
solid curve) and Kθ (blue dashed curve) are plotted against
the ratio of the inelastic scattering length ai to the elastic one
ar for the normalized strength of the interaction (see below
Eq. (16)) u = 0.01 and 10.0 in (a) and (b), respectively.
strength γ to the renormalized parameters v˜N and δγ .
The decrease inKφ,θ can be interpreted as an effective en-
hancement of the interaction strength due to the contri-
bution to its imaginary part from the measurement back-
action. Physically, such an enhanced interaction arises
from the increased repulsion between atoms due to the
continuous quantum Zeno effect [54, 55]. The split be-
tween the two characteristic parameters Kφ,θ arises from
the additional degree of freedom δγ in the parameter
space of the effective Hamiltonian in Eq. (17) and is
a manifestation of the non-Hermiticity of the underly-
ing model. This unique feature indicates a dramatic de-
parture from the conventional TLL behavior due to the
measurement backaction. These findings should also be
relevant to various 1D critical systems in addition to 1D
Bose gas owing to the universality of the effective Hamil-
tonian (17). A change in the critical exponent in the non-
Hermitian system can also be found in the steady-state
transition [31], while its universality as critical phenom-
ena remains to be understood.
V. EXPERIMENTAL IMPLEMENTATIONS
Here we discuss how we can implement post-selection
processes to simulate the non-Hermitian dynamics in ul-
tracold atoms. We propose the following two schemes:
(A) use of a system subject to an inelastic two-body loss
of atoms combined with measurement of the atom num-
ber with quantum gas microscopy to post-select the real-
izations in which no quantum jumps (atomic losses) oc-
cur, and (B) irradiation of an off-resonant light combined
with continuous monitoring of the scattered photons. We
also estimate experimental parameters for each proposal.
A. Post-selection by the atom-number
measurement with quantum gas microscopy
We consider atomic systems accompanying an inelastic
scattering process leading to a two-body loss of atoms.
We first prepare a desired initial state of atoms trapped
in an optical lattice. The current techniques can now pre-
pare almost an arbitrary configuration of atoms with an
accurate estimated total number of particles at the single-
particle level [13]. A possible loss of atoms during the
preparation can be circumvented by loading atoms in a
stable state and then transferring them into a metastable
state subject to an inelastic scattering process. We then
let the system evolve in time; if an inelastic scattering be-
tween two atoms occurs during the time evolution, then
a pair of atoms is lost from an optical potential because
colliding atoms acquires a much larger amount of kinetic
energies than the potential energy (Fig. 5(a)). Thus,
such a process can effectively be described by the opera-
tor Mˆi = bˆ
2
i .
Then, after some duration time, we perform a pro-
jection measurement of site-occupation numbers by us-
ing quantum gas microscopy [18]. We compare the to-
tal number of particles in the final state with that in
the initial state, and post-select the realizations in which
the two numbers agree (Fig. 5(a)). (If they disagree,
quantum jumps due to two-body loss should have oc-
curred and the time evolution of the system cannot be
described by the non-Hermitian Hamiltonian (1).) In this
way, we can simulate the dynamics governed by the effec-
tive non-Hermitian Hamiltonian. Here the system can be
interpreted as being subject to the continuous measure-
ment backaction from an environment that causes the
two-body losses of atoms. The measurement strength γ
can be determined by conducting experiments without
performing post-selections and measuring the loss rate of
atoms.
B. Post-selection by continuous monitoring of
off-resonantly scattered photons
In this scheme, we use an off-resonant probe light and
continuously monitor the scattered photons (Fig. 5(b)).
Specifically, we proceed as follows. First, we prepare an
initial state, and then shine an off-resonant probe light on
the system. In this measurement process, light-induced
inelastic collisions are significantly suppressed owing to
far detuning, and the dominant process becomes a pho-
ton scattering process [20]. In such a situation, it is
known that the measurement process can be described
by the operator Mˆi = nˆi (see e.g., Ref. [74]). Physically
speaking, this operator form reflects the fact that the
atom occupation number can be determined by collecting
scattered photons and analyzing their interference pat-
terns. We then continuously monitor the scattered light
by, for example, collecting photons by a high numerical
aperture lens and detecting them with a high-sensitivity
9FIG. 5. Schematic figures illustrating the methods to implement the post-selection processes and simulate the non-Hermitian
dynamics in which the system undergoes (a) inelastic two-body loss and (b) continuous monitoring of an off-resonantly scattered
photons. In (a), we first prepare an initial state with a well-estimated total particle number, and let the system evolve in time.
If an inelastic scattering process occurs during the time evolution, this leads to a loss of pairs of atoms. At the final stage, we
perform the projective measurement by using quantum gas microscopy and post-select the realizations in which no losses of
atoms occur. In (b), after preparing an initial state, we let the system evolve in time and simultaneously probe the system by
irradiating an off-resonant light on the system and continuously monitor the scattered light. Then, after a duration of time T ,
we post-select the realizations in which no scattered photons are observed.
CCD imaging device, as implemented by quantum gas
microscopy. During the continuous monitoring, we post-
select the realizations in which no photons are detected.
In this way, ideally, we can simulate the dynamics gov-
erned by the non-Hermitian Hamiltonian in Eq. (1) with
the operator Mˆi = nˆi. In practice, however, we can col-
lect only a portion of the scattered photons and our re-
sults can be tested if a possible heating caused by the
undetected photons does not smear our theoretical pre-
dictions for appropriately chosen experimental parame-
ters as discussed below.
C. Experimental parameters
Here we discuss the feasibilities of the two proposals
discussed above by estimating some experimental pa-
rameters. Let us first consider the experimental feasi-
bility of the proposal (A). A system accompanying an
inelastic two-body loss can be realized by using, e.g., the
metastable 3P2 state of
174Yb atoms having an inelastic
scattering length ai = 2.8 nm in addition to the elastic
one ar = 5.8 nm [75]. Also, one may use polar molecules,
which have inelastic scattering channels resulting in two-
body losses, or the light-induced inelastic collisions be-
tween stable atoms. The dominant factor in determining
the experimental fidelity of post-selections is the detec-
tion fidelity of atom-number measurement with quantum
gas microscopy. In fact, it is known that the fidelity of
quantum gas microscopy is very high and almost reaches
the near-unit fidelity (99.5% in Ref. [2]). Indeed, such
a high fidelity has already been sufficient to enable ex-
perimenters to implement the post-selections to, for ex-
ample, reduce the entropy of the system and eliminate a
possible experimental error [10–13]. While the technique
has originally been restricted to the parity measurement,
this restriction has been relaxed by recent experimental
developments [18]. Since the fidelity of selecting null-
outcome events decreases as the total number of atoms
increases, the atom number should be prepared in a rel-
atively small number such as several tens of atoms as
demonstrated in Ref. [76], where an experimental er-
ror can be made smaller than our predicted value of the
relative shift of the transition point. To further improve
the experimental fidelity, a recent technique of the super-
resolved observation [19, 20] can be useful.
We next consider the proposal (B). In this case, the de-
tection fidelity of scattered photons is limited in general
and the recoil energies of undetected photons inevitably
induce heating of the system, which may smear out the
predicted shifts of the critical point and the critical ex-
ponents. To discuss the appropriate experimental pa-
rameters, let us estimate the expected finite-temperature
effect due to heating. Let η be the detection efficiency
of the scattered photons and γ be the scattering rate of
photons by an atom and τ be the duration of the time
evolution. Then, the net heating energy per atom caused
by the recoil energies of the undetected scattered photons
can be estimated to be δE = (1 − η)γτ × h¯2k2/(2m),
where k = 2pi/λ is the wavenumber of a scattered light
and m is the atomic mass. In general, it is known that a
finite-temperature effect shifts the transition point [77],
and thus our predicted shift is testable if the heating is
not too large to mask the predicted shift. To be specific,
we consider 87Rb atoms and an off-resonant light with
10
wavelength λ = 1064 nm. For the sake of concreteness,
we set the measurement strength to be γ/U = 0.2 at
which the predicted shift of the transition point is about
10% as shown in Fig. 2. As a typical duration time,
we take the characteristic relaxation time scale τ ∼ 1/γ.
According to Ref. [77], the temperature that induces the
same amount of shift (∼ 10%) is Tth/J ≃ 3 at U/J ≃ 25.
Here we set kB = 1 and J/h¯ = 3ms as the hopping rate.
Combining these experimental parameters, the condition
δE < Tth/J that the predicted shift of the transition
point is not masked by the finite-temperature effect im-
poses a constraint on the detection fidelity η > 0.08.
Such a condition can be met by, for example, a high de-
tection efficiency of photons which can be achieved with
quantum gas microscopy (η = 0.1 ∼ 0.2 in Refs. [1, 2, 4–
8, 18]). We however note that a larger detection effi-
ciency is required in order for the heating effect to be
an order of magnitude smaller than the predicted shift
of the transition point. We next estimate the experi-
mental benchmark to test our result on the variations of
the critical exponents. In this case, the heating caused
by the undetected photons is characterized by a finite
thermal correlation length ξT ≡ h¯2ρ0pi/(mT ), where ρ0
is the number density of atoms. If the heating is not
too large and a length scale of interest r in the correla-
tion functions satisfies r < ξT , then the critical behavior
can be observed and the associated exponents should ex-
perimentally be determined by measuring the correlation
functions. In addition, we also need to consider the con-
dition to ensure the validity of the Tomonaga-Luttinger-
liquid (TLL) low-energy description. According to Ref.
[78], such conditions in weakly and strongly interacting
regimes are
2mT
h¯2ρ20u
2
<∼ 102 (weakly interacting regime, u = 0.01),
(48)
2mT
h¯2ρ20u
2
<∼ 10−2 (strongly interacting regime, u = 10),
(49)
where u is the dimensionless interaction parameter de-
fined in Sec. IV. To be specific, let us consider the above
experimental situations with the density ρ0 = 55 µm
−1
and a length scale r = 10 µm. Then, in the weakly
interacting regime, the second condition on the validity
of the TLL description is more crucial and leads to the
constraint on the detection efficiency η > 0.13. This
condition is within the reach of the current experimen-
tal techniques of quantum gas microscopy as mentioned
above. In contrast, in the strongly interacting regime,
owing to the large value of u, the low-energy description
is more robust against the finite-temperature effect, as
inferred from Eq. (49), and the experimental constraint
is much less stringent than the weakly interacting case.
VI. CONCLUSIONS
We have investigated how the notions of quantum
phase transitions and universality in quantum critical
phenomena can be extended to many-body systems sub-
ject to the measurement backaction of continuous ob-
servation. We have introduced effective non-Hermitian
Hamiltonians of interacting bosons in an optical lat-
tice and a one-dimensional trap, and analyzed their ef-
fective ground states, i.e., the states having the lowest
real parts of eigenvalues. It is shown that the effective
ground states in both models have the minimal imag-
inary parts of eigenvalues and thus survive longest in
the non-Hermitian dynamics. In the former model, by
performing the mean-field and strong-coupling-expansion
analyses, we have shown that the measurement backac-
tion can shift the superfluid–to-Mott-insulator transition
point and expand the Mott lobes. In the latter model,
we have derived the low-energy effective field theory that
describes critical behavior of the one-dimensional Bose
gas subject to the measurement backaction, and found
the new critical exponents that depend on the strength
of the measurement. This indicates a unique critical
behavior beyond the realm of the standard Tomonaga-
Luttinger liquid universality class. Owing to the univer-
sality of the effective field theory, our findings should also
be relevant to other one-dimensional critical systems. To
test our predictions, we have discussed two experimental
schemes in ultracold atoms by using quantum gas mi-
croscope, and also estimated possible experimental pa-
rameters. In view of recent developments in engineering
non-Hermitian Hamiltonians [45, 46], it seems of inter-
est to explore unique aspects of non-Hermitian systems
such as topological structures around exceptional points
[33] and spectral singularity in PT symmetric systems
[79, 80] in the context of many-body physics, especially
in critical regimes.
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